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Abstract
Using a new geometrical approach introduced by Gibbons and Werner we study the
deflection angle by Reissner-Nordstro¨m black holes in the background spacetimes with a
global monopole and a cosmic string. By calculating the corresponding optical Gaussian
curvature and applying the Gauss-Bonnet theorem to the optical metric we find the leading
terms of the deflection angle in the weak limit approximation. We find that the deflection
angle increases due to the presence of topological defects.
1 Introduction
One of the most important predictions of Einstein’s General Theory of Relativity is the
deflection of light rays from a distant source passing close to a massive body. This phe-
nomena is crucial and played a key role as a first experimental verification of general
relativity.
Besides the standard methods used for calculating the deflection angle, recently, a
new spin forward was put by Gibbons and Werner [7] by introducing the optical geometry
and applying the Gauss-Bonnet theorem to the optical geometry. Using this approach,
one can show the importannce of topology in gravitational lensing, stated in other words
the focusing of the light rays can be viewed globaly as topological effect of the spacetime.
Along this line of research a number of static and spherically symmetric spacetime metrics
have been studied [7,9]. Recently, this method was extended to stationary metrics for the
Kerr black hole solution [6].
Topological defects, such as domain walls, cosmic strings and monopoles, may have
been produced by the phase transition in the early universe due to the breakdown of local
or global gauge symmetries [11]. Cosmic strings are one dimensional object, characterized
by the tension Gµ, where G is the Newton’s gravitational constant and µ is the mass per
unit length of the string. It is interesting to notice that athought globally the spacetime
around a cosmic string is conical, localy the spacetime is just Minkowski spacetime. One
way to think about this spacetime is to consider a Minkowski spacetime with a wedge
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removed given by the deficit angle δ = 8πGµ. Note that, in the case of a global monopole
the spacetime is not locally flat. However, globally the spacetime of the surface θ = π/2,
is conical, with deficit angle ∆ = 8π2Gη2 [4].
In this context, is important to ask whether there is a chance that may lead to a possible
experimental detection of topological defects. There are however two classes of effects that
may lead to indirect experimental evidence: the quantum effects and gravitational effects.
Among these effects, a cosmic string can act as a gravitational lens [10], it can induce a
finite electrostatic self-force on an electric charged particle [12], shifts in the energy levels
of a hydrogen atom [13], they were also suggested as an explanation of the anisotropy of
the cosmic microwave background radiation, and many others.
The aim of this paper is to use Gauss-Bonnet theorem and calculate the deflection
angle around the spacetime of the Reissner-Nordstro¨m black holes in the background with
a global monopole and a cosmic string. It is widely believed that charged black holes don’t
exist in nature for a long time, since any initial charge will rather quickly be neutralized.
However, as wa discussed here [14], charged black holes may be produced during the
gravitational collapse of massive magnetized rotating stars surrounded by a co-rotating
magnetosphere of equal and opposite charge. The magnetosphere preserves the black
hole from a neutralization due to a selective accretion of charge from the environment
and the black hole can be quite stable in a typical astrophysical environment of low
density. Gravitational lensing from charged black holes in the strong field scenario has
been discussed by [5], in the case of the weak limit the deflection angle was also studied
by [15], using Fermat’s principle.
This paper is organized as follows. In Section 2, we briefly review the Gauss-Bonnet
theorem and then calculate the corresponding Gaussian optical curvature for Reissner-
Nordstro¨m black hole. In Section 3, we calculate the leading terms of the deflection angle
by Reissner-Nordstro¨m black hole with topological defects. In Section 4, we comment on
our results. We use metric signature (−,+,+,+) and c = G = 1. The Latin indices are
used to donate spatial coordinates and Greek indices for spacetime coordinates.
2 Reissner-Nordstro¨m optical metric with topo-
logical defects
We can start by writing the simplest Lagrangian density, which describes a global monopole
given by
L = 1
2
gµν∂µφ
a∂νφa − 1
4
λ(φaφa − η2)2, (2.1)
where λ is the self-interaction term and η is scale of gauge-symmetry breaking η ∼ 1016
GeV, φa is a triplet of scalar fields which transform under the group O(3), whose symmetry
is spontaneously broken to U(1) given by
φa = ηh(r)
xa
r
(2.2)
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with xaxa = r2. The most general static metric with spherical symmetry can be written
as
ds2 = −A(r)dt2 +A−1(r)dr2 + r2 (dθ2 + sin2 θ dϕ2) . (2.3)
Solving the Einstein field equations in spacetime with a global monopole [2], leads to
the following expression for A(r)
A = 1− 8πη2 − 2M
r
+
Q2
r2
, (2.4)
where M is the black hole mass and Q black hole charge. By introducing the following
coordinate transfromations r → (1 − 8πη2)−1/2r, t → (1 − 8πη2)1/2t and M → (1 −
8πη2)−3/2M , Q→ (1−8πη2)Q [16], and also by introducing a cosmic string in the metric
(2.3), which can be done by using ϕ→ (1− 4µ)ϕ, we end up with the following Reissner-
Nordstro¨m black hole metric in spherical coordinates given by
ds2 = −
(
1− 2M
r
+
Q2
r2
)
dt2 +
(
1− 2M
r
+
Q2
r2
)−1
dr2 + a2r2
(
dθ2 + p2 sin2 θdϕ2
)
,
(2.5)
where the terms a2 = 1 − 8πη2 and p2 = (1 − 4µ)2, encodes the presence of a global
monopole and a cosmic string, respectively. The metric (2.5), describes a static and
noninteracting infinitely long cosmic string and a global monopole placed close to each
other in Reissner-Nordstro¨m black hole spacetime. An infinitely long cosmic string, is
aligned through θ = 0 and θ = π/2, parallel to z-axes, passing through the Reissner-
Nordstro¨m black hole spacetime. Without loss of generality, we can consider the equatorial
plane θ = π/2, in this way solving for null geodesics with ds2 = 0, the optical line element
becomes
dt2 =
dr2(
1− 2Mr + Q
2
r2
)2 + (1− 8πη2)(1 − 4µ)2r2dϕ2
1− 2Mr + Q
2
r2
. (2.6)
For convenience, we can write the optical metric g˜ab in terms of the new coordinate r
⋆
as
dt2 = g˜ab dx
adxb = dr⋆2 + f2(r⋆)dϕ2, (2.7)
where the function f(r⋆) is given by
f(r⋆) =
√
1− 8πη2(1− 4µ) r√
1− 2Mr + Q
2
r2
. (2.8)
The corresponding optical metric from (2.7), therefore reads
g˜ab =
[
1 0
0 f2(r⋆)
]
, (2.9)
with the determinatnt det g˜ab = f
2(r⋆). Using the optical metric (2.7), it is not difficult
to find that the only nonvanishing Christoffel symboles are Γrϕϕ = −f(r⋆)f ′(r⋆) and
3
Γϕrϕ = f ′(r⋆)/f(r⋆). One can now proceed to calculate the corresponding Gaussian optical
curvature K as an intrinsic measure of curvature. In the case of 2-dimensional surface,
this is not difficult since the only nonvanishing component of the Riemann tensor for the
optical curvature is given by [7]
Rrϕrϕ = K (g˜rϕg˜ϕr − g˜rrg˜ϕϕ) = −K det g˜rϕ (2.10)
where Rrϕrϕ = g˜rr R
r
ϕrϕ. It follows that the Gaussian optical curvature is given by
K = − Rrϕrϕ
det g˜rϕ
= − 1
f(r⋆)
d2f(r⋆)
dr⋆2
. (2.11)
Using the last equation, one can show that the intrinsic Gaussian optical curvature
K, can be expressed in terms of r as [3]
K = − 1
f(r⋆)
d2f(r⋆)
dr⋆2
= − 1
f(r⋆)
[
dr
dr⋆
d
dr
(
dr
dr⋆
)
df
dr
+
(
dr
dr⋆
)2 d2f
dr2
]
. (2.12)
Finally, we can now compute the corresponding Gaussian optical curvature for the
Reissner-Nordstro¨m black hole in presence of topological defects by substituting the equa-
tion (2.8) into (2.12), and find the following expression
K = −2M
r3
(
1− 3M
2r
)
+
3Q2
r4
(
1 +
2Q2
3r2
)
− 6MQ
2
r5
. (2.13)
Now it’s interesting to see that Gaussian optical curvature K seems to be independent
of topological defects, but as we will see in the next section, there is a contribution due
to the topology of spacetime which is globally conical. The other interesting point about
the last equation which may come as a surprise is that, K is negative, which implies
that locally light rays should diverge. As was pointed out by [7], the negative Gaussian
curvature of the optical metric is a rather general feature of black hole metrics, and the
interesting thing here is that, only globally, by considering the topology of spacetime, light
rays can converge. As we will see, this can be done by using the Gauss-Bonnet theorem.
3 Deflection angle by Reissner-Nordstro¨m black
hole with topological defects
Having said that, let us now write the Gauss-Bonnet theorem, which relates the intrinsic
geometry of the spacetime with its topology, for the region DR in M , with boundary
∂DR = γg˜ ∪ CR which states that (see, e.g., [7])∫
DR
K dS +
∮
∂DR
κdt+
∑
i
ǫi = 2πχ(DR), (3.1)
whereK is the Gaussian curvature, κ the geodesic curvature, given by κ = g˜ (∇γ˙ γ˙, γ¨), such
that g˜(γ˙, γ˙) = 1, with the unit acceleration vector γ¨ and ǫi the corresponding exterior
4
angle at the i th vertex. As R → ∞, both jump angles become π/2, in other words
θO+θS → π. Since DR is non-singular, than the Euler characteristic is χ(DR) = 1, finally
we are left with ∫∫
DR
K dS +
∮
∂DR
κdt = 2πχ(DR)− (θO + θS) = π. (3.2)
Since γg˜ is geodesic, clearly than κ(γg˜) = 0, the only interesting part to be calculated
remains κ(CR) = |∇C˙RC˙R| as R→∞. It should be noted that, unlike the case of optical
Schwarzschild metric which is asymptotically Euclidean, i.e. κ(CR)dt/dϕ = 1, this is not
valilid if topological defects are introduced. To see this, let’s calculate at very large R,
given by CR := r(ϕ) = R = const., the radial component of the geodesic curvature(
∇C˙RC˙R
)r
= C˙ϕR ∂ϕC˙
r
R + Γ
r
ϕϕ
(
C˙ϕR
)2
, (3.3)
we can use the fact that g˜ϕϕ C˙
ϕ
RC˙
ϕ
R = 1, which implies C˙
ϕ
R = 1/f
2(r⋆), and recall that
Γrϕϕ = −f(r⋆)f ′(r⋆), yielding(
∇C˙r
R
C˙rR
)r
= −f
′(r⋆)
f(r⋆)
→ − 1
R
. (3.4)
We can now use the last result and compute the geodesic curvature
κ(CR) = |∇C˙RC˙R| =
(
g˜rrC˙
r
RC˙
r
R
) 1
2 → 1
R
. (3.5)
At very large r(ϕ) = R = const., it follows that the geodesic curvature is indipendent
of topological defects, κ(CR) → R−1, however from the optical metric (2.7), it’s not
difficult to see that dt = (1− 4µ)
√
1− 8πη2R dϕ, and hence
κ(CR)dt =
1
R
(1− 4µ)
√
1− 8πη2 Rdϕ. (3.6)
Unlike the case of black hole configuration without topological defects, here the optical
metric is not asymptotically Euclidian, since the last result leads to κ(CR)dt/dϕ = (1 −
4µ)
√
1− 8πη2 6= 1, which is satisfied only when µ = η = 0. Now, we could go back to
(3.2), and substitute this result, yielding
∫∫
DR
K dS +
∮
CR
κdt
R→∞
=
∫∫
S∞
K dS + (1− 4µ)
√
1− 8πη2
π+αˆ∫
0
dϕ. (3.7)
In the weak deflection limit we may assume that the light ray is given by r(t) = b/ sinϕ
at zeroth order, using (2.13) and (3.7) it follows that the deflection angle is given by
αˆ =
π − π(1− 4µ)
√
1− 8πη2
(1− 4µ)
√
1− 8πη2
− 1
(1− 4µ)
√
1− 8πη2
π∫
0
∞∫
b
sinϕ
K
√
det g¯ dr dϕ. (3.8)
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where dS =
√
det g˜ dr dϕ, is the optical surface area and
√
det g˜ = (1 − 4µ)
√
1− 8πη2 r.
The first term can be approximated as
π − π(1 − 4µ)
√
1− 8πη2
(1− 4µ)
√
1− 8πη2
≃ 4µπ + 4π2η2. (3.9)
Substituting the leading terms of the Gaussian curvature (2.13) into the last equation
we find
π∫
0
∞∫
b
sinϕ
KdS ≈
π∫
0
∞∫
b
sinϕ
(
−2M
r3
+
3Q2
r4
)√
det g˜drdϕ
≈
√
1− 8πη2(1− 4µ)
(
−4M
b
+
3πQ2
4b2
)
where the impact parameter b >> 2M . Putting all together, we end up with the expres-
sion for the deflection angle given by
αˆ ≃ 4µπ + 4π2η2 + 4M
b
− 3πQ
2
4b2
. (3.10)
We have therefore found that, the total deflection angle by Reissner-Nordstro¨m black
hole in background with topological defetcs, actually increses due to the presence of the
first and second term. The first term gives the deflection angle due to the presence of a
cosmic string, the second term gives the deflection angle due to the presence of a global
monpole, the third term is the well known result for Schwarzschild black hole, and finally,
the last term is coming due to the charge nature of the black hole. The light signal is
propagating from the source S to an observer O, such that both S and O lie on the same
surface θ = π/2. If S, O, global monopole and a cosmic string are perfectly aligned, it
follows
αˆ ≃ (4µπ + 4π2η2) l(d+ l)−1 + 4M
b
− 3πQ
2
4b2
, (3.11)
where d and l are the corresponding distances from the monopole/cosmic string to the
observer O, and to the source S, respectively. It should be noted that the increased
value of the deflecton angle is rather small, of the order of 10 arcsec, since Gµ ≃ 10−6
and Gη2 ≃ 10−5, which makes the possible detection difficult, however as pointed out
by [16], this effect is in the observable range. It is widely believed that global monopoles
should move with some velocity v, in this particular case, we assume that a whole system
consisted by a cosmic string and a global monopole is moving with some relativistic speed
v, parallel to z-axes, with respect to the obsorver O. If this system pierces the Reissner-
Nordstro¨m spacetime, than the deflection angle by using the same arguments as [16], can
be written as
αˆ1 = γ
−1 (1− nv)−1 αˆ0 + 4M
b
− 3πQ
2
4b2
(3.12)
here n is the unit vector along the line of sight, γ = (1−v2)−1/2 and αˆ0 =
(
4µπ + 4π2η2
)
l(d+
l)−1. Now let us consider and discuss some special cases. Setting Q = 0, from (2.5) we
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recover the Schwarzschild black hole with topological defects
ds2 = −
(
1− 2M
r
)
dt2 +
(
1− 2M
r
)
−1
dr2 + a2r2
(
dθ2 + p2 sin2 θdϕ2
)
. (3.13)
This metric has the same characteristics as metric (2.5), with the corresponding Gaus-
sian optical curvature K = −2M(1 − 3M/2r)/r3. It also follows directly from (3.10) the
deflection angle αˆ ≃ 4µπ + 4π2η2 + 4M/b. On the other hand if Q = M = µ = 0, we
recover the Minkowski spacetime pirced by a global monopole given by
ds2 = −dt2 + dr2 + (1− 8πη2)r2 (dθ2 + sin2 θdϕ2) . (3.14)
The characteristics of this metric are well known, it describes a spacetime with a
deficit solid angle, the area of a sphere of radius r is not 4πr2, but 4π(1 − 8πη2)r2. In
the particular case of π/2, the surface has the geometry of a cone with a deficit angle
∆ = 8π2η2. The Gaussian curvature is zero, K = 0, so we end up with a deflection angle
αˆ ≃ 4π2η2 [4]. On the other hand if M = Q = η = 0, we only have the contribution
coming from a cosmic string, the metric in cylindrical coordinates reads [1]
ds2 = −dt2 + dz2 + dr2 + (1− 4µ)2r2dϕ2. (3.15)
This metric describes a static straight string lying along the z-axis. It’s not difficult
to see that for all surfaces z = const., globally the topology is conical, with a deficit angle
δ = 8πµ. The Gaussian curvature is zero, K = 0, with a deflection angle αˆ ≃ 4µπ [8].
And finally, in the spacetime without topological defects, η = µ = 0, the metric reduces
to the Reissner-Nordstro¨m black hole
ds2 = −
(
1− 2M
r
+
Q2
r2
)
dt2 +
(
1− 2M
r
+
Q2
r2
)−1
dr2 + r2
(
dθ2 + sin2 θdϕ2
)
(3.16)
The Gaussian curvature coincides with (2.13), the deflection angle αˆ ≃ 4M/b −
3πQ2/4b2, is in agreement with [15]. It will be interesting to see if this method can be
generalised for the case of image multiplicity in a more general black hole configuration.
4 Conclusion
In this paper, we have investigated the deflection angle around Reissner-Nordstro¨m black
holes in the background spacetimes with topological defects. By adopting an optical
metric and applying the Gauss-Bonnet theorem to the optical metric, we have found that
the total deflection can be expressed as the sum of four corresponding terms 4µπ, 4π2η2,
4M/b and −3πQ2/4b2, respectively. In the particular case M = Q = 0, and η = 0, the
Reissner-Nordstro¨m metric reduces to Minkowski spacetime pierced by an infinite static
cosmic string with deflection angle αˆ = δ/2 = 4µπ, and similary when M = Q = µ = 0,
the metric reduces to Minkowski spacetime with a global monopole, with deflection angle
αˆ = ∆/2 = 4π2η2. Finally, setting η = µ = 0, we are left with the deflection angle around
Reissner-Nordstro¨m black hole αˆ = 4M/b− 3πQ2/4b2.
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